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Introduction 
The notion of hypercomplex manifold is a natural generalization of that of hyperkahler mani- 
fold. Recently some techniques have been developed to construct new hypercomplex manifolds. 
In particular, the use of moment mappings and associated bundles have both been successfully 
used by Joyce [ 13,141 to construct examples. 
We construct a hypercomplex structure on the Stiefel manifold U(n)/ U (n - 2) by exhibiting 
it as a submanifold of flat quatemionic space. The key point consists in understanding the Kahler 
moment map in terms of vector fields: fundamental Killing vector fields and “associated” gradient 
vector fields. In Sect. 2 we consider various moment maps on the flat space W” and we define a 
map u : W” + W such that u-l (0) is the Stiefel manifold. This is a simply-connected, compact 
manifold which does not admit KPhler structures as its second Betti number is zero. 
On the other hand, u-l (0) can be endowed with a hypercomplex structure: in Sect. 3 we define 
explicitly three almost complex structures on Y-* (0) by regarding u : W” + W as a moment 
map. This is significant because u-l (0) is not a hypercomplex submanifold of the flat quatemionic 
space in the obvious sense. Indeed any hypercomplex submanifold of the flat space is an affine 
subspace [9], hence there is no chance of constructing examples of hypercomplex manifolds as 
submanifolds of the flat space with the induced structure. 
In Sect. 4 we relate the bundle u-‘(O) over the Grassmannian with the ones given by the 
hyperkahler and quatemionic-Kahler moment maps with respect to the natural action of U (1) on 
W” and HIP”-’ respectively [23]. In particular we show that the principal fibre bundle u-r (0), 
together with the hypercomplex structure defined in Sect. 3, can be obtained by the twisting 
procedure described in [14]. Furthermore we observe that an open subset of the quatemionic 
projective space is the total space of a quatemionic fibration over the Grassmannian, closely 
related to the ones described above. Thus the natural circle action on the quatemionic flat space 
provides a rich source of examples, relating various aspects of moment map theory with respect 
to different kinds of geometric structures. 
’ E-mail:fiamma@ingfil.ing.unifi.it 
0926-2245/96/S15.00 @199&Elsevier Science B.V. All rights reserved 
122 E Battaglia 
1. Preliminaries 
In this section we shall recall the basic definitions of hypercomplex and hyperkahler manifold 
and we shall briefly describe the notions of Kahler and hyperkahler quotient. 
A 4n-dimensional manifold is said to be hypercomplex ([6]) if it admits three complex structures 
I, J, K satisfying the quatemionic identities ZJ = JZ = -K. If in addition I, J, K are parallel 
and hence Kahler with respect to a Riemannian metric on M then M is hyperkZihZer (see e.g. [lo]). 
The hypercomplex structure already singles out a torsion-free connection, called the Obata connec- 
tion, with respect to which I, J, K are parallel ([ 191). In the hyperkahler case the Obata connection 
is in fact the Levi-Civita connection of the hyperklhler metric. This causes a’reduction of the holo- 
nomy to a subgroup of Sp(n) in the hyperkahler case and to GL(n, W) in the hypercomplex one. 
Hyperklhler manifolds are in particular Ricci-flat and the extension to the hyperklhler case of 
symplectic quotient [ 1 l] allows one to find many new explicit examples. 
Let (M, w) be a connected symplectic manifold with a symplectic action of a Lie group G. 
If suitable assumptions are satisfied, there exists an equivariant map p : M + g*, uniquely 
defined up to at most the addition of a constant, such that for every e E g 
dpc = ix,w (1) 
where Xc is the vector field on M generated by c and the function Z+ is defined by PC(X) = 
(p(x), 6). The map ZL is called moment map with respect to the G-action. If G acts freely on 
pLL-l (0) then there is an induced symplectic structure on the quotient z..-’ (0)/G. This procedure 
naturally extends to a Kahler manifold (M, o) acted on by a Lie group G preserving the Kahler 
structure: the quotient inherits the Kahler structure of M. 
In the case of a G-action on a hyperkahler manifold preserving the hyperklhler structure, let 
Z.Q be the moment maps associated to the KPhler structures wi, i = 1, 2, 3. A new 4n - 4(dimG) 
hyperkahler manifold is then built up by taking the quotient p-l (0)/G, where p : M + 
JJ* @sp( 1) is defined by ZL = ~1 i + CL2 j + pjk. Interesting examples can be obtained quotienting 
the flat space by subgroups G of Sp(k) (see [l 11). 
A process of reduction can also be defined for hypercomplex manifolds [ 131, in this case neither 
existence nor uniqueness can be guaranteed, but if I_L : M ---_, g* &q~ (1) exists, then the quotient 
inherits the hypercomplex structure of the starting manifold. 
2. Gradient and Killing vector fields 
Gradient and Killing vector fields play an important role in the quotient procedure we mentioned 
in the previous section. In the Kahler case the moment map with respect to a G-action is constructed 
as follows: let V be the Levi-Civita connection on the Kahler manifold (M2n, I, o); every Killing 
vector field X satisfies V(X) E A*TM ([15, Chap.VI, Prop. 3.21). Since Z is parallel X can be 
“dualized” to the gradient vector field IX satisfying V(ZX) E S2TM, and from (1) we have that 
the moment map is built up from the functions whose gradients are the vector fields ZXc : 
1x6 = grad(&) (2) 
This is essential in order to have an induced Kahler structure on the quotient: by taking Z,L-~(O) 
we eliminate span {IX, ] 6 E 8) and by quotienting by G we get rid of span {Xc 1 6 E g}. In this 
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way the quotient tangent bundle is naturally endowed with an almost complex structure induced 
by I which turns out to be Ktihler. 
The following construction is based essentially on this “duality principle” relating Killing and 
gradient vector fields. 
On the quaternionic flat space W” we consider the left action of the Lie group U (1) x z? Sp( 1) q 
S 0 (4n) defined as follows: 
(U(1) x Sp(1)) x W” + IHI” 
((CZ. I). p) E+ crpl. 
(3) 
Let R be the radial vector field, then 
X := iR, I,R := -Ri. IzR := -Rj 13R := -Rk (4) 
are Killing vector fields corresponding to a basis of the Lie algebra ~(2) = u( 1) +sp( 1). Observe 
that right multiplication by -i, -j, -k defines on HI” three complex structures I,, I?. 13, giving 
to the quatemionic flat space its natural hyperktihler structure. 
For any U(1) c, Sp(1) we can dualize the corresponding u(1) + u( 1) Killing vector fields 
with respect to the complex structure on W” left fixed by the chosen U (1) in Sp( l), e.g. X, 1, R -+ 
II X, -R. We find in this way gradient fields corresponding to the ones in (4); 
R, 1,X. Z2X, Z3X. (5) 
The fact that R is independent of the choice of U (1) in Sp( 1) characterizes those Sp( I)-actions 
on hyperkghler manifolds which give rise to quatemion-Kshler manifolds, as shown in [23]. The 
following picture gives a scheme of the construction: 
[=I J :::::;::s 
Let p E W”, so that the conjugate transpose p* is a row vector. The hyperkghler moment map 
with respect to the CJ (1) action on the flat space, corresponding to the gradient fields I, X, is given 
bY 
KU(J) = -p*ip E G(l), (6) 
1211. The KBhler moment map corresponding to the gradient field R, which is the moment map for 
the action of any U (1) c-, Sp( 1) with respect to the KLhler structure singled out by the chosen 
U(l), is given by 
f(p) = p*p - 2 (7) 
where the constant 2 is arbitrarily chosen, as we are dealing with an abelian group. The map f‘ is in- 
troduced by Swann in a more general context [23, Thm 5. l] that will be described in the last section. 
The “moment map” corresponding to the Killing vector fields in the figure above. relative to 
the Lie group U (2), is then 
u := (f, p> : W” ----+ Il(2) = u(1) +Bp(l), (8) 
where u(1) is identified with R. The group U(2) = U(1) xzL Sp(1) acts freely on u-‘(O): the 
Killing vector fields defined in (4) span the vertical bundle on V-’ (0); moreover the following 
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relations hold 
span {X, Zi R} I span 
X I liR, 
IliX, RJ on u-‘(O), 
on p-l(O), 
i = 1,2, 3; 
i = 1,2, 3; (9) 
IiR _L IjR fori #j on W”, i, j = 1,2,3. 
The natural action of U (2) on u-l (0) can be seen explicitly identifying W” with @” @ C” via 
p = a + bj - (a, b) (10) 
and working out {p E W” 1 u(p) = O}. It turns out that u-l (0) is the U(2)-principal fibre bundle 
U(n)/U(n - 2) (n 2 3) on the complex Grassmannian Grz(F). The manifold u-‘(O) is an 
example of a Stiefel manifold ([12]), it is obviously compact, moreover rrl(~-~(O)) = . . . = 
rr~(,+2)(~-~(0)) = 0 [12], which implies (see e.g. [5]) Hq(u-l(0)) = 0, 1 < 4 < 2(n - 2). In 
particular it is simply connected and also b2(uP1 (0)) = 0, therefore it cannot be endowed with a 
Kahler structure. 
3. Construction of a hypercomplex structure 
In this section we show that the complex Stiefel manifold u-l (0) admits a hypercomplex 
structure. This is built up using the fact that u has been defined via Kahler and hyperklhler moment 
maps, which in turn characterizes the immersion of u-l (0) into the quatemionic flat space. 
Theorem 1. Let u : W” - IR + sp(1) d&ned by (8), then the manifold u-l (0) admits a 
hypercomplex structure. 
Proof. Consider u- ’ (0) as a U(2)-principal bundle over the complex Grassmannian GQ(P). 
The natural metric on the flat space W” defines a connection on u-l (0): the horizontal space is 
the orthogonal complement of the tangent space to the U(2)-orbit. Therefore 
TP~-‘(0) = span{X, ZjR, j = 1, 2, 3) @ HP. 
The above decomposition allows us to construct three almost complex structures Ji, J2, J3 on 
u-l (0) satisfying the quaternionic identities. We define 
J1(X) 2 II R, J1 = 11 on fiP = {ZzR, ZjR} $ HP. (11) 
The structures Jz, J3 are analogously defined. 
Now we have to prove the integrability of J1: first of all observe that given the U( 1) in Sp( 1) 
which fixes Ii, the associated fibre bundle 
u-l (0) U(2) 
U(1) x U(1) = 
u-l (0) Xr/(2) 
U(l) x U(l) 
I: 
is the flag manifold F = {(VI, Vz) I VI c V2 C @“, dim& = i}, whose underlying real mani- 
fold corresponds to the twistor space of the quaternion-Kahler manifold GQ(P). The complex 
structure Zr on the flat space defines a complex structure on the flag manifold, this follows easily 
from moment map theory: consider the hyperkahler quotient p-l (0)/U (1) on which Ii induces 
a Kahler structure, f is the moment map with respect to Ii and the action of the chosen U (1) 
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in Sp(l), therefore u-‘(O)/(U(l) x U(1)) is a Kahler manifold with respect to the complex 
structure induced by Ii. 
Now we want to show that the natural projection q from the principal bundle u-‘(O) to the 
associated fibre bundle is holomorphic with respect to the almost complex structure .Zi on Y-’ (0) 
and the Klhler structure Ii on the flag manifold. 
The tangent space of the fibre bundle is given by the well defined projection 
q& = q,{ZzR, 13Rj 1 q*H, 
which does not depend on the choice of the point in the fibre q-’ (q(p)). Let Y = Ya + Y E 
TPu-’ (0) with Yo E span{X, Ii R} and Y E fiP, then 
ZI9*(Y) = ~1q*(Yo + f) = hq*(e = q*uh = q*(J,EL 
Before going on it is convenient to establish some notation: 
i) an overlined vector field stands for its dual form with respect to the natural metric on the 
flat space, e.g. X is the l-form dual to X, Ii R is the l-form dual to Ii R. The complex structure 
Ji on the cotangent bundle acts as Ji (Ii R) = X; 
ii) multiplication by i on the left is the standard complex structure on the flat space W” = 
C” x C” by ( lo), we shall call it .Z and OJ the associated Kahler form. Observe that J commutes 
with each of the I;; 
iii) if oi are the Kahler forms associated to Ii, we define w = w1 i + co? j + wgk = dp* A dp. 
In order to prove that .ZI is integrable we need to show that its Nijenhuis tensor 
ACl.0, _$ AC2 J& A(O.2) 
vanishes. Thus consider the following basis of (1, 0)-forms on u-l (0): 
I, R - ix, q*cxl, . . . , q*a2,1-3 (12) 
where ai are (1, 0)-forms on the bundle u-l (O)/(U( 1) x U(1)) with the complex structure Ii. 
The (0, 2) component of d(q*aci) vanishes since q is holomorphic and II is integrable. It 
remains to check that: 
i) d(ZiR - iX)(fi(O,‘), fi(O.l)) = 0; 
ii) d(Zi R - ix)(X + ill R, Z?co*l)) = 0. 
Since Ii R and X are Killing forms their covariant derivatives are skew-symmetric, thus we can 
obtain dZi R and dX by computing OX and VI1 R. In order to do this, we work first on the flat 
space, considering the vector fields corresponding to our forms. We finally get, using also (9), 
~(ZI RIO’, , Y2> = 
wi(Yi, Y2) for Yi, Y2 E ZZ, 
o 
otherwise, 
4Xm, Y,) = w~(Yi, Y2) for Yi, Y2 E H. 
0 otherwise. 
wherewerefertothedecompositionTu_’(0) = {X, Ii, R}@{ZzR, ZjR}@H = {X. Z,R}@Z?. 
Then ii) follows and a straightforward calculation gives i). 
Notice also that we can conclude because we are working on u -l(O): the natural extension of 
.Zl to the flat space is not integrable. 0 
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4. Fibrations over the Grassmannian 
In this final section we shall briefly relate our construction to the theory of hyperktihler and 
quatemion-Kahler quotients [23] and to that of construction of new hypercomplex manifolds via 
moment map construction [ 131 and twisting [ 141. 
Relation with hyperklhler and quaternion-KPhler quotient. The quotient u-‘(0)/U(2) = 
Gr2(@“) is a quatemion-Kahler manifold, i.e. a Riemannian manifold with holonomy group in 
Sp(n)Sp(l). This guarantees the local existence of three almost complex structures satisfying 
the quatemionic identities. Moreover, any quatemion-Kahler manifold is Einstein. The complex 
Grassmaniann is a so called Wolf space, one of the symmetric spaces Wolf [24] and Alekseevsky 
[ 1,2] listed in their classification of compact, homogeneous quaternion-Kahler manifolds. What is 
of interest for us is that to any positive quatemion-Klhler manifold one can associate a hyperkahler 
manifold U(M), introduced by Swarm in [23], whose triholomorphic structure encapsulates the 
quatemion-Kahler geometry of M. The manifold U(M) is a principal bundle over M with fibre 
W*/&. Viceversa, given a hyperkahler manifold endowed with an Sp( l)-action satisfying suit- 
able assumptions, one can reconstruct the corresponding quatemion-Kahler base manifold M via 
the moment map f associated with a U( 1) in Sp( 1). Moreover the twistor space Z(M) of M is 
the projectivisation of U(M) with respect to one of the complex structure on U(M), this induces 
a complex structure on Z(M) and the whole construction does not depend on the choice of the 
complex structure on U(M). 
The notion of hyperkahler quotient has been extended to quatemion-Kahler structures [7] 
and the correspondence M w ‘U(M) links the notions of hyperkahler and quatemion-Kahler 
quotients. In our case we have the following: let p and I_L be the hyperkahler and quatemion-Kahler 
- moment map on W” and HP’-’ respectively, then 
/J-l (0) 
U(Gr2(C)) = ~ 
F-’ (0) 
U(l) ’ I_L(O) = w*’ 
and finally if we consider the restriction to U(Gr~(C”)> of the map f defined in (7), we have 
f-l (0) u-‘(o) 
___ _ - 2 Gr2(@“). 1: 
SP(l) U(2) 
Therefore we have the following fibre bundles on Gr2 (C”): 
a) the principal bundle ‘U = pLL-l (O)/ U( 1) with fibre HI*/&; 
b) the twistor space Z = u-l (O)/(U(l) x U(1)) with fibre C:P’. As we have seen in the 
proof of Theorem 1 the twistor space inherits from l.f a complex structure and by Swann’s theory 
this structure does not depend on the choice on the starting Kahler structure on ‘U(M); 
c) the U (1) principal bundle p-l(O) = P-~(O)/W* 2: u -’ (O)/Sp( l), this bundle admits a 
natural self dual connection [18] which is non-trivial [4]. The described picture is the starting 
point for the following construction. 
Twisting. In [14] Joyce shows that if M is a compact, simply connected quatemionic manifold 
and Q a non-trivial, primitive self-dual U(l)-bundle on M, then a new hypercomplex manifold 
can be constructed as follows: first define a Z action on U(M), whose total space is hypercomplex, 
by multiplication by errl with r a positive real constant, then on the quotient ‘U(M)/Z define a 
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U (1) action: eie acts by multiplication by e r”/2n The bundle U(M)@ has fibre the Hopf surface . 
U (1) x z2 Sp( 1) and the U (1) component of the fibration is trivial coming from R* c IHI*. Twisting 
Q and U(M),4 by U(1) produces a compact simply connected manifold Q xu(i) U(M)/z 
endowed with a hypercomplex structure induced by the hypercomplex structure of U(M). The 
U (1)-component of the fibration is now non-trivial. In our case, working on the explicit expression 
of u-’ (0) and p-l (0) it can be shown that 
u-‘(O) = e XU(l) wa 
where Q = p-l (0) and U/Z = (c~-~(o)/U(l))/E 
In practice the twisting process allows us to pass from a W* action to a U (2) action and in 
our vector field notation it means substituting R by X. This explains also that the hypercomplex 
structure defined in (11) coincides with the one obtained by twisting. 
Another interesting fibration on the Grassmanian is induced by identifying W” with @‘I @Cl via 
(I + hj + (a, b). Let S be the subset of W” given by the points p = a + bj such that a, b E @‘! 
are linearly dependent. Then we have that GL(2, C) acts freely on IHI” \ S and the quotient is the 
Grassmannian Gr2(CP1). Moreover the open set W” \ S projects onto IHIP-’ \ @P”-’ and this 
induces a fibration of WY-’ \@P”-’ on the Grassmannian with fibres isomorphic to WP’ \@!‘I. 
The submanifold CP’-’ is the fixed point set for the U (1) action on WP”-’ I 
Note also that the fibration WP”-’ \ CF”-’ can be reconstructed starting from the bundles 
/1-‘(O) and U again by twisting and adding the right standard fibre. We have: 
U 
I-w”-’ \w-’ 2 p-‘(o) XU(‘) z X0(2) GL(2, C:> 
GL(l, W) 
The following diagram summarizes all the above constructions and presents the fibrations in a 
unified picture: 
- the base manifold for all the bundles is the Grassmannian; 
-U is the bundle U(Grz(C”)); 
- 2 is the twistor space of Gr2(C*); 
_ all the arrows but the hooked ones are projections; 
_ manifolds on the left of the vertical lines represent the fibres; 
-the boxed bundles are those that can be obtained by twisting the basic bundles U and p-l (0). 
\ IHI” \ {S} 
Remark. A last observation concerns the relation with hypercomplex quotient: let M be a hy- 
percomplex manifold and G a compact Lie group acting freely on M and preserving the hyper- 
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complex structure. As in the hyperklhler case a moment map with respect to the G-action is a 
map I_L : M + g* @ BP(~), but in the hypercomplex case the conditions that pi must satisfy are: 
a) 1ldrLL1 = 12dp2 = Z3dp3, with 11 acting naturally on the g*-valued l-forms dpi; 
b) let Xc be the vector field induced by 5 E 8, then we must have (Zldp(Xc), c) # 0 for 
every < E g (transversality condition). If a moment map exists then the quotient p-l (O)/ G has a 
natural hypercomplex structure. The result is true also when the group G is not compact provided 
that the quotient is Hausdorff. 
In our case we have that the manifold u-l (0) is diffeomorphic to the quotient /L’ (0)/R* and 
the maps pLLi are moment maps with respect to the R*-action on the flat space in the hypercomplex 
sense, but they do not satisfy the essential transversality condition. 
Acknowledgements 
This paper is based on part of the author’s doctoral thesis for the University of Florence, and I 
wish to thank my thesis advisor, Simon Salamon, for his constant help and support. 
References 
[l] D.V. Alekseevsky, Riemannian manifolds with exceptional holonomy groups, Funct. Anal. Appl. 2 (1968) 97-105; 
[2] D.V. Alekseevsky, Compact quatemion spaces, Funct. Anal. Appl. 2 (1968) 106-l 14. 
[3] F. Battaglia, Tesi di Dottorato, Universita di Firenze, 1993. 
[4] F. Battaglia, S’-actions on quatemion-K&hler manifolds, Preprint, 1993. 
[5] R. Bott and L.W. Tu, Differential Forms in Algebraic Topology, (Springer-Verlag, NewYork, 1982) 
[6] C.l? Boyer, A note on hyperhermitian four-manifolds, Proc. Amer: math. Sot. 102 (1988) 157-164. 
[7] K. Galicki, A generalization of the momentum mapping construction for quatemionic K%hler manifolds, Commun. 
Math. Phys. 108 (1987) 117-138. 
[8] K. Galicki and H.B. Lawson, Quatemionic reduction and quatemionic orbifolds, Math. Ann. 282 (1988) l-21. 
[9] A. Gray, A note on manifolds whose holonomy group is a subgroup of Sp(n)Sp( l), Michigan Math. J. 16 (1965) 
125-128. 
[IO] N.J. Hitchin, Hyperkaler manifolds, Seminaire Nicolas Bourbaki, Volume 1991-92. 
[l l] N.J. Hitchin, A. Karlhede, U. Lindstrom and M. RoEek, Hyperkahler metrics and supersymmetry, Commun. Math. 
Phys. 108 (1987) 535-589. 
[12] D. Husemoller, Fiber Bundles, second ed., (Springer-Verlag, New York, 1975) 
[ 131 D. Joyce, The hypercomplex quotient and the quatemionic quotient, Math. Ann. 290 (199 1) 323-340. 
[ 141 D. Joyce, Compact hypercomplex and quatemionic manifolds, J. DifJ: Geometry 35 (1992) 743-761. 
[15] S. Kobayashi and K. Nomizu, Foundations ofDifJerential Geometry, Vol. I and II (Wiley, New York, 1963) 
[16] B. Kostant, Holonomy and the Lie algebra of infinitesimal motions of a Riemannian manifolds, Trans. Amer 
Math. Sot. 80 (1955) 528-542. 
[17] J. Marsden and A. Weinstein, Reduction of symplectic manifolds with symmetry, Rep. Math. Phys. 5 (1974) 
121-130. 
[ 181 T. Nitta, Yang-Mills connections on quatemionic Kahlerquotients, Proc. Japan Acad. 66 (1990) 245-247. 
[19] M. Obata, Affine connections on manifolds with almost complex, quatemionic or Hermitian structure, Jap. J. 
Math., New Ser: 26 (1956) 43-79. 
[20] S.M. Salamon, Quatemionic K;ihler manifolds, Invent. Math. 67 (1982) 143-171. 
[21] S.M. Salamon, Riemannian Geometry and Holonomy Groups, Pitman Research Notes in Mathematics 201 (Long- 
man Scientific, 1989). 
[22] S.M. Salamon, Special structures on four-manifolds, to appear in Riv. Mat. Univ. Parma. 
1231 A. Swann, Hyperkahler and quatemionic-Kahler geometry, Math. Ann. 289 (1991) 4211150. 
[24] J.A. Wolf, Complex homogeneous contact structures and quatemionic symmetric spaces, J. Math. Mech. 14 
(1965) 1033-1047. 
